Abstract: A new configuration of non-abelian D1-branes growing into D5-branes is found. This time the effect is triggered by a non-trivial electric field on the world-volume of the D1-branes, and a constant RR 4-form potential. Based on the these configurations and other observations regarding non-abilean effective actions, a new action for matrix string theory in non-trivial backgrounds is conjectured. As an application we found that fundamental strings can grow into Dp-branes, in particular by placing the strings in the background of a group of near horizon D3-branes, we found a D5-brane. These types of configurations were found from the supergravity point of view in previous works.
Introduction
With the appearance of the web of dualities in string theory a lot of attention has been paid to the non-perturbative aspects of the theory, a new picture arises where the collection of all of the supersymmetric string theories plus their dualities and d=11 supergravity form part of a whole that has come to be known as M-theory. The actual definition of this theory is a bit elusive, nevertheless we rely on some definitions that although are not complete, give us an indication of what the theory should be. In particular, the Matrix theory proposal [1] has proved to be very successful.
Matrix string theory [2, 3, 4, 5] is one of the outcomes of the different dualities. Perhaps a simple way to define it is by looking at Matrix theory with an extra compactified dimension. For example following Dijkgraaf et. al. [2] , if we consider M-theory on a torus of radii A and B, by first reducing on A and then making an infinite boost on B we get type IIA string theory on the discrete light cone (DLC) with D0-brane particles. If on the other hand, we reduce on B first, boost and then consider t-duality on A, we get (1+1) super Yang-Mills (SYM) theory with fundamental string charge on the world-volume i.e. the low energy theory of a D1-brane. Therefore one find that Matrix string theory is a non-perturbative definition of string theory built in terms of a two dimensional SYM theory and a collection of scalar fields in the adjoint representation of the gauge group (see the original papers for an extended discussion of this derivation). Although we have just discussed type IIA string theory, there are other constructions similar to the one sketched before, where the other four superstring theories are written in terms of two dimensional SYM theory 1 .
The Matrix string theory conjecture was formulated originally on flat backgrounds. Lately, using some techniques developed by Taylor and Raamsdonk [6] a generalization for closed strings on non-trivial weak backgrounds has appeared [7] . Also by demanding consistency of the different dualities involved in the above process, a transformation law for the world-volume fields of the D1-brane under s-duality was postulated.
In that very same article the possibility of non-abelian configurations of fundamental strings was pointed out, in particular the appearance of a Myers-like effect was computed explicitly. By now the Myers effect [8] is a well known phenomenon, where N D-branes adopt a non-abelian configuration that can be understood as a higher dimensional abelian D-brane. These configurations come about as the result of new interaction terms that appear in the non-abelian effective actions 2 1 Actually for the cases of type IIB and type I string theory there is an additional construction in terms of a three dimensional theory [5] 2 There is a paper with M-theory versions of these effective actions, and with fundamental string actions in terms of matrices, although the connection with matrix string theory is not clear [9] .
Up to now, to the best of our knowledge there is no construction of the Myers effect in terms of fundamental strings. Nevertheless, given the form of the effective action derived in [7] , this is a natural thing to expect. Actually there is a paper of J. M. Caminos et. al. [10] where the existence of fundamental strings forming exotic configurations of D-branes is suggested. In that case, the construction resembles a baryon vertex configuration where in the background of N near horizon Dp-branes they find a supersymmetric probe D(8-p)-brane, made out of n fundamental strings. In the above paper the construction is based on the dual picture of the higher dimensional abelian D(8-p)-brane. Actually there are computations of Dp-branes collapsing into fundamental strings [11] and fundamental strings blowing up into Dp-branes [12] , in terms of abelian Born-Infeld actions.
The purpose of this paper is two-fold, first in section 2 inspired by the above results in M-theory we will show a new type of Myers effect, related to the presence of quantized electric flux on the world-volume of the brane. Second, in section 3, based on the new s-duality rules postulated in [7] we propose a close form for the Lagrangian of matrix string theory on non-trivial backgrounds. This Lagrangian is none other than the Myers non abelian Lagrangian for the D1-brane after an appropriate chain of dualities is taken. Then we check that at lowest order, this reproduces the matrix string theory Lagrangian, and agrees with the weak coupling calculations of [7] . In section 4, using Matrix string theory on non-trivial backgrounds we obtain the configurations of the type described in [10] , this time from the point of view of non-abelian fundamental strings. The final section is a conclusion and summary of the results presented.
D1-brane/D5-brane and the non-trivial electric field
Although there are in the literature some examples of p-branes growing into (p+4)-branes [13, 14, 15] , these configurations differ in their nature from the one we will present here, since in this case it is the coupling with the world-volume gauge field which triggers the non-abelian configurations. Here, for simplicity we will work on the p = 1 case only.
Our starting point is the low energy action for N D-strings with non-trivial worldvolume electric gauge field F . In the background we have a trivial dilaton φ, a flat metric G and zero B-field. For the Ramond sector we include a 4-form potential C [4] . The Born Infeld action is
In writing (2.1) we have used a number of conventions taken from Myers [8] :
• Indices to be pulled-back to the world-volume (see below) have been labelled by a. For other indices, the symbol A takes values in the full set of space-time coordinates while i labels only directions perpendicular to the center of mass world-volume.
• The parameter λ is equal to 2πl 2 s .
• The center of mass degrees of freedom does not decouple 3 , but they will be not relevant for our discussion as we will consider static configurations independent of the space-like world-volume direction. The fields Φ i thus take values in the adjoint representation of SU(N). As a result, the fields satisfy T rΦ i = 0 and form a non-abelian generalization of the coordinates specifying the displacement of the branes from the center of mass. These coordinates have been normalized to have dimensions of (length) −1 by multiplication by λ −1 .
The rest of the action is given by the non-abelian Chern-Simons term. This term involve the non-abelian 'pullback' P of various covariant tensors to the world-volume of the D1-brane. We will use the static gauge x 0 = τ, x 1 = σ, x i = λΦ i for a coordinate x with origin at the D1-brane center of mass. The symbol ST r will be used to denote a trace over the SU(N) indices with a complete symmetrization over the non-abelian objects in each term. In this way, the Chern-Simons term may be compactly written
where the symbol i Φ is a non-abelian generalization of the interior product with the coordinates Φ i ,
We specialized to static configurations involving five nontrivial scalars Φ i , i = 1, .., 5. Then the above action gives the following potential:
where we have used the convention that
We will consider the ansatz corresponding to the fuzzy four sphere,
where a is a positive constant and G i are the five matrices of Castelino and Taylor [17] , a symmetric tensorial product of n factors, each one made out of the Euclidean gamma matrices (in the 4-dimensional representation) with n − 1 identities matrix. These matrices are of dimension N = (n + 1)(n + 2)(n + 3)/6. For the RR five form we use the ansatz
where f represents the strength of the RR field. Instead of solving the full equations of motion resulting from the previous action, because all the matrix products simplify in the field equations, it is sufficient to substitute the ansatz into the potential obtaining,
where c is the Cassimir of the matrices G i , given by the expression c = n(n + 4). This potential clearly has a global minimum at a given value of a that we will called a 0 , and it depends on the value of the electric field F , the strength of the background RR field and n. The actual analytical solution is not very enlightening but here, in figure 1 we show a plot of the potential. In particular if F 01 = 2/λ, the expression for a 0 simplifies, giving
Note nevertheless, that the physical radius is given bŷ
where we can see that the radius increase with the number of D1-branes and the strength of the RR field. Also note that in order to archive this effect we need a nontrivial electric field on the D1-brane, so we have fundamental strings diluted into the D1-brane as a requirement. This configuration of non-abelian D-strings can be understood as a six dimensional hypersurface, in fact we can check that it correspond to a D5-brane configuration. Following Myers et. al. in [13] we consider the coupling of the non-abelian D1-branes to a C [6] RR form,
Using that C [6] must have support on the fuzzy tunnel, we write,
and hence we get,
and therefore after using the fuzzy solution and µ 1 = 4π 2 µ 5 λ 2 and Ω 4 = 8π 2 /3 we get,
which in the limit of large n, takes the form of the coupling of n D5-branes 4 .
Also as another check, we can calculate the form of the coupling of the D5-branes and the RR potential C (4) . Let us write the flat metric in adapted coordinates for this particular configuration,
were dΩ 2 4 is the metric for a unit four dimensional sphere, with angles θ 1 , θ 2 , θ 3 , ϕ and dX 2 are the remaining unimportant directions. As we already said, the D5-brane expands along the coordinates (τ, σ, θ 1 , θ 2 , θ 3 , ϕ). In this coordinates the RR 5-form and its potential 4-form C (4) are given by,
The couplings of one D5-brane with this non-trivial backgrounds is given by,
where F (2) is the world-volume gauge field strength. Therefore substituting the explicit form of C (4) and integrating on S 4 we get, up to numerical factors 19) then using that the radius r is given by the expression
we get
which is precisely the form of the corresponding coupling for the non-abelian D1-brane.
Matrix string and Non-abelian D1-branes
In the previous section we saw how N D-string polarized into higher dimensional objects, this calculation can be translated into F1-strings polarizing into other higher dimensional objects if we use the appropriate s-duality transformation on the D-string world-volume fields. But would it be the correct interpretation of this non-abelian theory in the weak string coupling limit? A possible answer comes from matrix string theory. This is a supersymmetric gauge theory that contains DLC string theory and has extra degrees of freedom representing non-perturbative objects of string theory. Also, it is a second quantized theory as it is built from many strings. We know that, by means of different dualities the five superstring theories are described in the neighborhood of a 1+1 dimensional orbifold conformal field theory. In this language the strings are free in the conformal field theory limit, representing DLCQ string theory. The interactions between the strings is turned on by operators describing the splitting and joining of fundamental strings. These operators deform the theory away from the conformal fixed point.
To further clarify these ideas, let us follow Krogh [4] 's sketch of the derivation for the case of type I string theory. Consider type I strings in the DLC frame with no Wilson lines, string mass m I , string coupling g I and a null compact direction of radius R I (where we identify the null coordinate as x − ≈ x − + R I ). We then perform an s-duality transformation to heterotic strings with string mass m H , string coupling g H and a null compact direction of radius R H , again in the DLC frame. The relation between the heterotic and type I parameters are
Using the relation between a null compactification and a space-like compactification ala Seiberg-Sen [18] , we get heterotic string theory on a space-like circle of radius R in the sector with momentum N, string mass m and string coupling g. The relation between these two heterotic string theories is given by,
Next we perform a t-duality on R, so that the new constants of the string theory (m ′ , g ′ , R ′ ) are given by,
Lastly, we perform a s-duality to obtain type I string with N D1-strings, and constants (m ′′ , g ′′ , R ′′ ) given by the following expressions,
In terms of the initial type I string theory and R we get
Therefore, we get the low energy theory of N D1-branes at weak coupling, where the gauge coupling constant g Y M is given by,
This is the 1+1 dimensional SYM theory with eight scalars in the adjoint representation of the gauge group. This effective action is obtained by the dimensional reduction of N = 1 supersymmetry Yang-Mills theory in ten dimensions, down to two dimensions. The type IIB case is similar to the type I case in that a duality relation is need between string theories in the DLCF, in this case a t-duality is used to go from type IIB to type IIA in the DLCF, and then again by boosting, t-dualizing and s-dualizing we define the matrix string theory. In this case we get
where (m B , g B , R B ) are the initial type IIB string parameters and (m ′′ , g ′′ , R ′′ ) are the final (also type IIB) string theory parameters. Again, we get a low energy weak coupled string theory with N D1-branes. The gauge coupling constant g Y M is given by,
(3.8)
The heterotic and type IIA definitions are also very similar, where some care has to be taken with the inclusion of Wilson lines for the heterotic cases [4] . In these three string theories a nice picture emerges by reinterpreting the involved dualities in terms of a flip of the two radii that define the corresponding compactified M-theory [2] . In order to obtain the relevant action for one of the five matrix string theories, we start with the world-volume gauge theory of N D1-branes, and then we go back along the chain of dualities until we reach the desired DLCQ string theory. For example consider first an s-duality transformation on the D1-brane effective action, then a tduality transformation and lastly the boost relations of Seiberg-Sen. As a result we get type IIA matrix string theory. This can be written as
(3.9)
Other matrix string theories Lagrangians can be obtain by similar procedures. For example
]. As we mentioned in the introduction, there are generalization for the matrix string action coupled to weak backgrounds. This time the calculations are based on the strong relation between matrix string and the matrix theory proposal. In particular previous work of Taylor and Van Raamsdonk [6] are used to support these results. One of the positive outcomes of the above work is a proposal for the transformation of the D1-brane world-volume fields under s-duality. Thus, based on these different proposals we are able to actually construct the matrix actions using maps like the one in equation 3.9.
It is important to note that recently Myers wrote a non-abelian action of N Dpbranes in general backgrounds [8] , that is fully covariant under t-duality. This action incorporates all the weak couplings derived previously by Taylor et. al., and also introduces some new ones. If we believe this effective action for the D1-branes, we are forced to conjecture that:
Matrix string theory is defined by this world-volume action plus the web of dualities needed.
Note that since the non-abelian D1-brane action propose by Myers does not capture the full physics of the infrared limit, we can only trust its expansion up to sixth-order in the field strength [19] . Another technical problem comes from the chain of dualities, since it makes it difficult to give an explicit closed form for the final Lagrangian. In particular, the t-duality map mixes up RR fields and NS fields. Nevertheless, we only have to use the Buscher rules [20] on the supergravity background fields as t-duality, once we have s-dualized, leaves the world-volume fields invariant.
For example, let us consider the type IIA case, where following equation 3.9, we get that the action for the Matrix string is given in two parts, the first corresponding to the original Born-Infeld term of the D1-brane action,
where 11) and the tilde represents the t-dual transformation of the background fields. For example the form of C AB is 12) where the space-time index A has been divided into the t-dualized direction y, and the other directions α. The second part, corresponding to the original Chern-Simons term of the D1-brane action is,
This action contains the action of the matrix string theory of Dijkgraaf et. al. [2] , since by construction, in trivial backgrounds the D1-brane action of Myers gives the 1+1 SYM theory corresponding the dimensional reduction on N=1 SYM in ten dimensions down to two dimensions. Hence, by setting all of the background fields to be trivial, we recover the standard form of type IIA matrix string theory,
Also, all of the linear couplings obtained by Schiappa [7] for the weak field case, are derivable from the action of equation 3.10 and 3.13. It has been checked that the D1-branes linear couplings found by Taylor et. al. are included in the non-abelian action of Myers and the t-duality and s-duality relations are the same as the ones used by Schiappa. Nevertheless, we have to keep in mind that there are new couplings not considered before.
Strings and non-commutative configurations
Let us apply the above theoretical construction to a specific case, where the matrix strings Lagrangian shows some of these new couplings. In particular we will use the the configurations studied by Camino et. al. [10] , where they predicted D(8-p)-branes growing out of fundamental strings on the near horizon background of N Dp-branes.
In their original analysis the whole construction was base on the abelian D(8-p)-brane. This time we use the world volume action of the fundamental strings and therefore we will be able to construct this configurations from the point of view of the noncommutative two dimensional action. In particular let us consider the case of p=3, where this time the matrix string action should be placed in the the near horizon geometry of N D3-branes. In this case the only non-trivial background fields are the RR five form field strength,
where Ω 5 is the volume form on S 5 and the metric
where dx 3) is the metric of a four dimensional Minkowski space-time and dΩ 2 5 is the metric of a unit five sphere S 5 . Here, we are interested in a static configuration where the world-volume coordinates of the string correspond to time and the radial direction (t, r), on the background metric. The only non-diagonal scalars Φ i , correspond to the directions along the five sphere S 5 . This ansatz is obviously based on the dual configuration of [10] . The matrix string Lagrangian is in term of five non-diagonal Φ i , the Yang-Mills field living on the world-volume F and the RR five form field strength F [5] . The form of the potential is,
Note that the potential is very similar to the potential of equation 2.5. This is reasonable, since the fields involved are s-dual invariant and the dilaton is trivial in this case. Therefore the t-duality involved is almost trivial, the real difference comes in the relation between the string coupling constant, the YM coupling constant and the DLC radius (see equation 3.7 and 3.8). Nevertheless, the metric is non-trivial and the interpretation is different. Due to the form of the metric, the S 5 is not really accessible from an embedding into R 6 , since we will need an auxiliary extra dimension, given a total of eleven dimensions. This implies a technical problem if we want to use a fuzzy sphere ansatz, which comes naturally in terms of cartesian coordinates. Nevertheless, we know that the configuration we are looking for is a fuzzy S 4 in the S 5 , therefore we rewrite the metric 4.2 as
where i = (1, ..., 5), r 2 = z 2 + δ ij x i x j , and z coincide with the space-like direction of the fundamental string. Next, using the fuzzy S 4 ansatz, Φ i = aG i , and solving for this specific metric and RR field, we get, whereȧ corresponds to ∂ z a. Let us consider the rescaling
Hence we get the following potential,
Again there is a global minimum at ρ 0 , defining the radius of the non-commutative brane. In the figure we show the potential V as a function of (F , ρ), for fixed values of (R, n).
Note that the radius of the fuzzy four-sphere is bounded by R as it should be, also the physical radiusR is given by,
and therefore is constant, independent of the position along the string. This configuration is just one of the general possibilities of D(8-p)-branes growing in the near horizon geometry of Dp-brane that we introduce in the first section of the paper. These configurations were study in [10] and proved to saturate a BPS inequality. Note that the electromagnetic field in the corresponding dual picture, of the abelian D(8-p)-brane will be quantized, and this is precisely the condition imposed in the original article, to obtain the stable D(8-p)-branes.
Discussion
In this work we conjecture that the natural extension of matrix string theory to nontrivial backgrounds corresponds to the non-abilean action of n D1-branes and the chain of dualities needed. The fact that the Myers action [8] is covariant under t-duality together with the approach developed by Taylor and Van Raamsdonk [6] and the work of Schiappa [7] , make this conjecture very solid and natural. Here, we followed the work of Dijkgraaf et. al. [2] and Krogh [4] to unravel the chain of dualities needed to define the action of matrix string theory, from the effective action of D1-branes.
Once we have these effective actions (one for each type of superstring theory), we can test new physics by turning on only a few background fields. In particular a Myerslike effect (a polarization of the string-bits), generates non-commutative geometries that should have an interpretation as higher dimensional objects in M-theory. We should recall that matrix string theory incorporates non-perturbative effects like Dbrane physics. The observation that the string bits should create higher dimensional objects is no new, it was already presented in the work of Myers [13] and Schiappa [7] , and from the supergravity perspective in the work of J. M. Camino et. al. [10] .
From the point of view of D-brane physics, we found a new type of Myers effect, where D1-branes grow into D5-branes. This configuration requires the presence of electric fields on the world-volume of the D-brane, and therefore is also related to the presence of fundamental strings. These final configurations resemble the fuzzy tunnel of Myers, although the physical interpretation is very different.
There is plenty of more work to be done, supersymmetry preserved by the matrix string theory configurations should be checked explicitly, although in the paper of J. M. Camino et. al. [10] , these configurations were proved to satisfy a BPS bound. Also the study of t-duality in the DLC is a tricky subject and more care should be taken to define more rigourously the type IIB matrix string theory.
